Signals from millisecond pulsars travel to us along geodesics that are affected by the space-time metric along the line-of-sight. The exact length and redshifting along the geodesics determine the Time-of-Arrival (ToA) of the pulses. The metric is determined by the distribution of dark matter, gas, and stars in the galaxy and, in the final stages of travel, by the distribution of solar system bodies. The inhomogeneous distribution of stellar masses can have a small but significant statistical effect on the ToAs through the perturbation of geodesics. This will result in additional noise in ToA observations that may affect Pulsar Timing Array (PTA) constraints on gravitational waves at very low frequencies. We employ a simple model for the stellar distribution in our galaxy to estimate the scale of both static and dynamic sources of what we term generically "geodesic noise". We find that geodesic noise is O(10) ns for typical lines-of-sight. This indicates that it is relevant for estimates of PTA sensitivity and may limit future efforts for detection of gravitational waves by PTAs.
Signals from millisecond pulsars travel to us along geodesics that are affected by the space-time metric along the line-of-sight. The exact length and redshifting along the geodesics determine the Time-of-Arrival (ToA) of the pulses. The metric is determined by the distribution of dark matter, gas, and stars in the galaxy and, in the final stages of travel, by the distribution of solar system bodies. The inhomogeneous distribution of stellar masses can have a small but significant statistical effect on the ToAs through the perturbation of geodesics. This will result in additional noise in ToA observations that may affect Pulsar Timing Array (PTA) constraints on gravitational waves at very low frequencies. We employ a simple model for the stellar distribution in our galaxy to estimate the scale of both static and dynamic sources of what we term generically "geodesic noise". We find that geodesic noise is O(10) ns for typical lines-of-sight. This indicates that it is relevant for estimates of PTA sensitivity and may limit future efforts for detection of gravitational waves by PTAs.
Introduction.-Pulsars are neutron stars with strong magnetic fields [1] . They rapidly oscillate, producing radio pulses that we can detect on Earth. Many pulsars are well known to be a very precise celestial clocks due to their rotational stability. This makes them an excellent tool for examining phenomena that can affect the pulse's Time-of-Arrival (ToA) (see e.g. [1] ). Gravitational waves (GWs) will affect the ToA by perturbing the length of geodesics along which pulsar signals travel, inducing time delays. This effect is potentially observable. In particular, a GW crossing through multiple pulsar lines-of-sight will induce a correlated delay in the ToAs of each pulsar [2] . The effect is relatively weak and other effects will affect the ToA [1] . Therefore, one needs high precision timing. This is possible thanks to the discovery of millisecond pulsars in 1982 by Backer et al. [3] . The suggestion to correlate timing data from a network of millisecond pulsars emerged in the 1990s [4] . These ideas eventually evolved into dedicated programmes known as Pulsar Timing Arrays (PTAs). During the last decade, there has been a global effort to use these to detect GWs [5] . It is a common belief that within a decade, PTAs should be able to detect GWs with a period of the order of years or frequencies O(10 −8 ) Hz [6] .
The analysis of ToA data from pulsars includes various deterministic corrections to the raw data to account for a number of effects. One of these is the Shapiro delay experienced by the signal as it travels through the solar system. The delay is due to the gravitational potential of bodies in our solar system which distorts geodesics and induces an increase in the path length travelled by the signal. The Shapiro delay was first considered as a test of the general theory of relativity [7] . A more generalised treatment of this geodesic delay in the weak gravitational field of arbitrary-moving bodies was presented in Kopeikin and Schafer [8] . While this delay due to our solar system is accounted for [9] there has been no discussion of the statistical effect due to massive bodies in our galaxy. There are two reasons why the statistical effect may not be negligible. Firstly, the timing precision required to measure a typical GW at the frequencies probed by PTAs is of the order of a nanosecond [10] . Secondly, the overall delay due to the potential well of our galaxy is of the order of days for typical pulsar-Earth lines-of-sight [11] , even small perturbations to this overall effect should be resolvable. A small, but significant, fraction of the total mass of our galaxy is made up of compact sources-effectively point sources compared to the typical pulsar-Earth distances. One may worry that these sources will perturb the overall delay by a very small but perhaps non-negligible amount for individual lines-of-sight. Furthermore, this effect, in general, is dynamical since each pulsar has a peculiar velocity with respect to Earth, as do all the stars contributing to the potential. Consequently, the line-of-sight geodesic deformation will change over time.
In this letter we make a first attempt at estimating the size of this additional contribution to ToA uncertainty which we term "geodesic noise". We briefly review how timing residuals are fitted in pulsar observations and then consider the generalised time delay induced by a distribution of point masses-this is analogous to the generalised Coulomb problem in electromagnetism [12] with a particular analogy to how charges move through a conductor in the presence of random Coulomb sources. We then consider the application to a very simplified model of pointsource distributions in our galaxy from which we sample time delays over a distribution of lines-of-sight. Our results show that the effect is non-negligible and gives a noise contribution at a level that is comparable to the timing accuracy of next-generation PTA efforts such as the Square Kilometre Array (SKA) [13] .
Pulsar timing residuals.-The standard procedure in pulsar timing is to fit the ToA of each pulsar with a quadratic timing model
where superscript I labels the individual pulsars and t k arXiv:2003.06602v1 [astro-ph.CO] 14 Mar 2020 are times of observations at different epochs. The cadence of observation epochs is typically fortnightly and the ToA at each epoch t k is itself obtained by a fit of template or model profiles to an average pulse profile that is obtained by averaging over many pulses. The fit estimates the pulsar's phase evolution; α I represents a constant phase offset, β I is related to the pulsar's rotational frequency and peculiar velocity, and γ I is related to the spin-down rate and peculiar acceleration [14] . The difference between the ToA and timing model of each pulsar is the timing residual. The cross-correlation between pulsar residuals R I k R J k contains a particular dependence on the cosine of the angle between the lines-of-sightn I ·n J if a GW has passed through during the observation period.
Noise in the timing of the millisecond pulse profiles and errors in the solar system Shapiro delay modelling induce an effective error in the residual on top of any signal S I
where k can be modelled as Gaussian, mean free, ran-
Since the error, to a first approximation, is uncorrelated between pulsars it will not bias the ensemble mean of crosscorrelations in the residuals but does contribute to the variance about their means. It is, therefore, a source of variance in searches for GWs using PTA observations. Typical values for σ k for current generation of PTAs is σ k ∼ O(100) ns [14] .
If any delay arising from outside the solar system were constant, or if any dynamical contribution were solely due to the peculiar motion of the pulsar, PTA observations would not be affected since these contributions would be fitted out when applying the timing model (1) . This assumption would hold if the gravitational potential were solely determined by an isotropic, smooth distribution of matter. This is more or less the case for the dark matter halo that dominates the potential of our galaxy and, to a lesser extent, the diffuse baryonic matter that makes up the next biggest contribution. It is certainly not the case for the contribution from the matter contained in stars each of which has a peculiar velocity on top of the coherent rotational motion of the galaxy. The distortions of geodesics due to the distribution of stars in the galaxy will source another contribution to the residual error η I k that is also uncorrelated between pulsar lines-of-sight.
Stellar delay modelling.-The gravitational potential due to stars in the galaxy can be modelled as a sum over individual contributions from point sources
1 although the δ IJ is an assumption that may break down due to correlated errors in the solar system modelling where i runs over all individual stars in the galaxy each with mass M i and located at position r i . The Shapiro time delay is given by the integral of the potential along the geodesic
where c is the speed of light and d is the infinitesimal element along the geodesic. The generalisation of the time delay due to a distribution of moving point masses has been studied by Kopeikin and Schafer [8] who obtain a covariant expression for the time delay observed at a location r o at retarded time associated with proper time t o for a photon with momentum at past null infinity aligned with unit vectork (for more details see [8] )
and v o and v i are the velocity vectors of the observer and point mass M i respectively. The expression (5) neglects a sub-dominant term due to the accelerations of the masses which involves an integral over retarded times and is therefore difficult to calculate. The positions and velocities in (5) are also sampled at retarded times but we neglect this in order to significantly speed up the calculation. The effect of not sampling the distribution using retarded time at every mass location is not thought to be significant since this is a statistical realisation of the stellar distribution. Another approximation is that we take the unit vectork to be the direction from the pulsar to the observer in flat space-time.
We apply the time delay to a simple stellar model of the Galaxy. The model consists of masses M i located at centres of a Cartesian grid. Our typical simulation contains 8 million cells with some 4.4 million cells containing nonzero mass. These masses are drawn from a Poisson distribution with mean M i = ρ gal (R, z)∆x∆y∆z, where R, θ, and z are cylindrical coordinates and ρ gal (R, z) is the mass density distribution for stars in the Galaxy. The density is made up of two distinct contributions; one for a thin disc and another for a thick disc [15], each having the form
where z d and R d are scale heights and lengths respectively and Σ d = M d /(2πR 2 d ) is a surface density with M d the total disc mass. We adopt values for the thin and thick disc parameters from Binney and Tremaine [16] (see  table I ). We also assign peculiar velocity components for each mass cell by drawing from a normal distribution with zero mean and standard deviation 20 kms −1 / √ 3 such that the root mean square speed is the deviation of circular speed measured in the neighbourhood of our galaxy [16] .
Geodesic noise.-The stellar delay model discussed above can be used to calculate the contribution from geodesic noise for individual pulsars ToAs. To do this we draw random locations for N p pulsars located uniformly at radial distance R ∈ [0.15, 10] kpc, at azimuth θ ∈ [0, 2π] and axial coordinate z ∈ [−300, 300] pc. We integrate the delay (5) along each line-of-sight and repeat this for a total time of 15 years at fortnightly intervals to model the typical cadence of PTA observations. We calculate the sample standard deviation of ToA delays from the sequence of fortnightly delays in order to estimate the stochastic contribution η to the noise of individual pulsar. We find that the static contribution of the total delay dominates over the velocity contribution. This is not surprising since the typical peculiar velocities of the stars have v c. Figure 1 shows the histogram for η obtained using N p = 1000 pulsar lines-of-sight observed for 15 years with a fortnightly cadence. The histogram is For the purpose of this estimate we have assumed that SKA will monitor 100 pulsars timed with a fortnightly cadence for 20 years with timing standard deviation of 30 ns. The blue (solid) line is the sensitivity to monochromatic sources (7) and red (dash-dotted) line is for a stochastic background (8) . The blue (dashed) and red (dotted) lines show the additional contribution from the median value of η for both cases respectively. The corresponding shaded regions show the 95% upper limit on geodesic noise -these are very close to the raw timing sensitivity curves. significantly non-Gaussian and is well approximated by a χ 2 distribution with median η = 9.8 ns and 95% upper limit η < 27.5 ns.
We leave a detailed exploration of the dependence of this distribution on the stellar model parameters and simulation resolution for future work, but we have verified that the result is stable with respect to the grid resolution. The peculiar velocity distribution for stars in the galaxy is not well understood and this is a significant source of uncertainty in our modelling but since the dynamical component to due terms v i in (5) is subdominant to the static one we do not expect that this will have a strong effect on the results. Our uniform distribution of lines-of-sights may also affect the details of the distribution, it is not clear how observed millisecond pulsars are distributed in the Galactic volume as there are only a small number being used in current PTA networks. Pulsar locations should be drawn from a distribution that is weighted by the stellar density. This would lead to more lines-of-sight through the Galactic disc. Intuitively, we expect this would increase the mean value of η but reduce the number of outliers. This would have the effect of making the distribution of η more Gaussian.
Effect on GW observations.-Geodesic noise is an additional contribution in PTA GW searches. We can estimate the impact on GW searches by using our estimate of η as the timing noise in sensitivity calculations for the characteristic strain h c observed by PTA networks as a function of frequency f [14] . The sensitivity curves can be calculated for two distinct cases. The first is for the case of a monochromatic source
where 1/δt is the cadence and T is the overall length of observation. This would be relevant for GWs arising from individual astrophysical systems such as super-massive black hole binaries. The second is the case of a stochastic background
This would arise for the case where the signal is made up of many confused sources or, in principle, a cosmological background generated at high redshift. In Figure 2 we show how the median and 95% upper limit on η translates into characteristic strain sensitivity for both cases. We compare this with the sensitivity curves for SKA assuming T = 20 years monitoring N p = 100 pulsars timed fortnightly with a timing error standard deviation of 30 ns [13] .
Discussion.-We have examined how the deformation of pulsar signal geodesics by stars in the galaxy may introduce a significant source of additional noise in PTA observations aimed at detecting low-frequency GWs. Our initial, albeit simplistic, modelling of the effect indicates that the "geodesic noise" induced is of an order comparable to the raw timing noise limiting the next generation of PTA efforts such as that planned for SKA. It will, therefore, have an impact on the overall sensitivity for future PTA efforts and should be considered in such estimates. We have carried out a simple analysis of the impact of geodesic noise on SKA sensitivity curves. In principle, geodesic noise will itself have nontrivial angular correlations which may help in mitigating its effect, but this would only be possible in the limit of large numbers of observed pulsars but even surveys such as SKA estimate a total number of millisecond pulsars of the order of a few hundred.
Geodesic noise is distinct from the noise induced by interstellar dispersion variability [1] This arises due to the presence of ionised gas clouds along the line-of-sight. The dispersion effect is frequency dependent and can be modelled accurately given sufficiently precise data and frequency coverage.
A natural question to ask is whether geodesic noise due to the stellar distribution is already affecting ToAs at the current level of timing resolution. It is well known that millisecond pulsars display intrinsic timing instabilities on long timescales [17] . This noise is particularly important for low-frequency GW searches and if it is driven by geodesic noise it may be useful to study the effect in more detail. For example, a detailed understanding of the noise spectrum induced by this effect may help to mitigate its impact on PTA analysis.
Another interesting question is whether the contribution from any inhomogeneity in the dark matter distribution can be dismissed as we have done in this work. If the dark matter distribution has significant sub-structure on galactic scales its contribution to geodesic noise may be significant or dominant. Millisecond pulsar ToA observations may, therefore, lead to significant constraints on such models of dark matter.
